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Abstract

At the present paper we workout an exact solution for first order non-linear integro-
differential equation subject to initial condition can be converted into second order
non linear differential equation by taking suitable substitution for integral part and
also ideas of error function to make the series solution become converges.
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1. Introduction

By a Numerical-Analytic method [3, 11], we mean application of a suitable numeri-
cal method like method of asymptotic approximation [4] in analytic methods like any
method of successive approximations [12] or any perturbation method or any Homotopy

analysis method [9] for solving any problem of nonlinear dynamics [6]. We also seek

© http: //www.ascent-journals.com

95



96 Nanjundaswamy N. and Ravikumar N.

for methods capable of producing a good approximate solution in one or two steps with

the help of an asymptotic expansion suitable for application of asymptotic approxima-

tion. The methods are capable of fitting all the initial conditions as well as any other

additional conditions on the nature of the solution.

2. Example

In the present study we consider the first order nonlinear Integro-differential equation [7,

8, 13, 14] of the following type:

du _
dt

€

- /Otu(x)dx]z

(—2k%t) v +

u(0) = up = V2 ek

Note:
- du’ 2 . — k242
i) prili (—2k“t) u, has exact solution wu(t) = Ae
d 2
i1) = = ‘ , u(0) = /2, also has exact solution u(t) = V2

dt = /Otu(:c)dx]z <1 _ 3t>‘°1’

t

(1)

putting y(t) = / u(z)dz, it follows that 3 (t) = u(t). then equ.(1) can be rewrite

0
into a second order differential equation of the form

[1—y()

subject to the initial conditions 4(0) =0, and 1y (0) = /2 e ke

"

y'(1) = (2671 y +

The equ.(2) is equivalent to the following integral equation:

y() = ﬂe_ket+(_2k2)/0(t—x)my'(x)dwre/O(t—fc)[l_;(x)]ad””

In the reference [10, 5], it is clearly stated that

[e-aniw) = - [ 2

(2)
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Using the above idea, equ.(3) can be rewrite as follows

y(t) = V3 e £ 1 (202 /0 (t — 22)y(a)de + € /0 (t—m)[l_;(x)]de (4)

Let y(t) = > yn(t) =vo(t) +v2(t) + y2(t) +ys(t) + - + yn(t) + -
n=0

be series solution of (4), and choose yo(t) = 0.

We apply the Binomial expansion [1, 2] for the series (1 — y(x))? one can write,

1

—_— = xT €T 2 n x))"
T = L2 E30@) e (o D)

= 14+2(yi+ytys+-)+3W+ytys+- )+
= 142y + (2y2 + 3y1) + (2ys + 6y1y2 + 4y)) + - (5)

On substituting equ.(5) in equ.(4) it gives,
> t
n=0 0

t
+e/ (t —2)[1+2y1 + (2y2 + 3yi) + (Bys + 6yry2 + 4y?) + -] dz
0

The components yo(t),y1(t) - - - yn(t) - - - of the unknown function y(¢) can be complectly

determined in recurrence manner if we set, [12]

yo(t) = 0
= ekt e t —x)ldx
yi(t) = V2e*t4 /O(t )1d
2
= V2e P+ 6%
y(t) = (2k?) /0 (t — 2x)yi(x)dx + € /0 (t —x)(2y1(x))dx
3 4
= 2e—k?)V2e ke (t6> + €2(1 — 2k?) <f2>

us(t) = (20) /0 (t - 2y ()i + ¢ /0 (t - 2)(2(x) + 393 (x))da
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t4 2e(e — k22 e7ke | 15
—2ke 2 2 —ke
= — —2k%(e — k7)V2
Ge e D (€ W2 e ke 4 3 20
—2k%e2(1 —2k?) (1 —2k?) 36
+ + + —
3 6 4 30

t t

ya(t) =(2k?) / (t — 22)ys(a)dr + ¢ / (t — 2)(2ys(x) + 6y (2)yol) + Ay (2))da
0 0
3 t5
- [46256*3’“} = [—4e J2e2ke | (2o—ke 4 goo—2ke | 1922k
k2 — k2 k2
+ [(k‘4(6 —k?) — 6(63) - 26> V2e ke
( 2]{:2 (e—k?) €(e—k?) 62>
+ +

I3

30 110

e3(1 — 2k? 7
+ ( ) (e — k2)> V2e ke 4 363\/56—’“] %2

N 4/(7462 — 2k?) N 2k (1 — 2k%)  3k>¢
5 10
—k? 2( — 2k?) N S(1—2k%) 2 (1 -2k?) 64:| t8

15 30 +40+ 4 +2

56
The series solution is
y(t) =yo(t) + y1(t) + y2(t) + ys(t) + ya(t) + -
—V2 e ket 4 et; + [2(e - k)2 ] tg + (1 - 2k?) + Ge 7]
+ [—21{:2(6 — k2)\/§ e ke 4 %e(e — kz)\/i e Fe 4 3e2V/2 e7he 1 462§€3k€:| ;Z

[—2k2e2(1 —2k?)  S(1-2k?) 36

3 + 6 + 4
t6
—de ke ke 4 2o 4 gee ke 4 12¢2e2he 30

< e k) - k2e(e — k2) k‘26> Jaeke _ k2e(e — k?) N (e — k%) €

3 2 5 5 10

(3 (L2 (e_m) Vae 2 4 3633 ok }

+

42
4k462 1-2k%)  2k°(1-2k%) 3k¢  2K*¢(1 - 2k?) N et(1 - 2k2)
5 10 15 15
3 A (1-2k%) & t8
56

_l_

20 4
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When € =0 , it gives,

K23 kAP
) o= Velt-
v = V2 [ T
= \/§ erf(kt).
Now,
u(t) =y (1)
43
=V2 ek et + {(e —EHV2 e_ke} t2 4 [62(1 — 2k?) + 6¢ B_le] 3
2 ¢t
+ |:—2l€2(6 — k)2 ek 4 ge(e —k)V2 e ke 4 362V/2 e7he 1 46236_3]%] s
—2k%e2(1 —2k?) (1 —2k?) 36
+ + =
3 6 4
5
—4e k,2e—2ke + €2€_k€ —{—466_2]% + 12626—2166
Kle(e — k%) ke Kle(e — k)  (e—k?) €
4 2 —ke
A G V5 _ A
+Kks(e k?) 2 2>\fe - =t
3(1 — 2k2 t6
+ <€ ( 5 ) — (e — k2)> V2e2ke 4 36312 eke} 5
N 4k (1 —2k%)  2k2e3(1 —2k2)  3K%e2 2K%3(1 — 2k?) N et(1 — 2k2)
15 5) 10 15 15
I €L Il
20 4 2] 7
When € =1 and k = 0 it follows that u(t) becomes
ut) = f2[1+t+t2+7t3+---]
V2 3
FERW TR
= V2143 (=) 4 3L (¢
2l e ()
_ V2
= -,
3 \3
1——=t
(- %)

which is an exact solution of equ.(2).



100 Nanjundaswamy N. and Ravikumar N.

References

[1] G. Adomian, A review of the decomposition method and some recent results
for nonlinear equation, Math.Comput.Modelling, 13(7), (1992), 17-43.

[2] G. Adomian and R. Rach, Noise terms in decomposition series solutions,
Computers Math. Appl. 24 (11) (1992) 61-64.

[3] D. Bahuguna, A. Ujlayan, D. N. Pandey, A comparative study of numerical
methods for solving an integro-differential equation,Computers and Math-
ematics with Applications, 57 (2009) 1485-1493.

[4] C. M. Bender and S. A. Orzag, Advanced Mathematical Method for Scien-
tist and Engineers,McGraw - Hill, NewYork,(1999).

[5] P. J. Collins, Differential and Integral Equation, Oxford University Press,
New York (2006).

[6] A. M. Golberg, Solution Methods for Integral Equations: Theory and Ap-
plications, Plenum Press, New York, 1979.

[7] A. K. A. Homood, Ph.D thesis, A study on Integro- Differential Equations,
University of Mysore, Mysore(2007).

[8] A. J. Jerri, Introduction to Integral Equations : Theory and Applications,
Marcel-Dekker, New York, 1971.

[9] S. Liao, Beyond Perturbation: Introduction to the Homotopy Analysis
Method, Chapman and Hall/CRC, 2004.

[10] M. Rahaman, Integral Equation and their Applications, Daihousie Univer-
sity, Canada(2007).

[11] M. Ronto and A. M. Samoilenko, A Numerical analytical in theory of
boundary value problems, World Scientific, Singapore, 2000.

[12] H. Simsek and E. Celik, the successive approximation method and Pade
approximation for solution for the nonlinear boundary value problems,
App.Math.Compt. 146(2003).

[13] F. G. Tricomi, Integral Equations, Dover Publication, New York, 1982.

[14] A. M. Wazwaz, A First Course in Integral Equations, WSPC, Singapore,
1997.



